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ANALYSIS OP S^UARS SHEAR WEB ABOVE BUCKLINa LOAD 
By Samuel Levy, Kenneth L, Plenup, and Ruth K, Woolley 



SUMMARY 



A solution of Von Karmaa • s fundamental equations for 
plates with large deflections is presented for the case of 
a shear well divided into square panels "by reinforcing struts. 
Numerical solutions are given for struts of infinite rigid- 
ity and for struts the weight of which is one— fourth the 
weight of' the sheet. The results are compared with Wagner's 
diagonal tension theory as extended by Kuhn and hy Langhaar, 
It is found that the diagonal tension theory as developed by 
Kuhn agrees best with the present paper in the practical 
range when r « l/4, Kuhn ' s theory is in especially good 
agreement for the force in the strut when r = 1/4, 

UrTRODTrOTION 



The necessity for designing structures having the 
smallest possible weight for a given load has forced air- 
plane designers to build wing-beams and monocoque boxes 
with shear webs so thin that they may be buckled in a di- 
agonal direction under service loads. As the shear load is 
increased well above the buckling load, it is carried prin- 
cipally by diagonal tension along the buckles. The beam 
approaches a "diagonal— tension field" beam. 

The load at which such shear webs will buckle has been 
determined by several authors, (See, for ezample, pp, 357 
to 363 of reference 1.) After buckling, the behavior* of 
the web is frequently detemined from Wagner's diagonal— 
tension-field theory (references 2 and 3) which neglects 
the flezural rigidity of the sieet. Experimental results 
.(see p, 2 of reference 4, pp. Is and 19 of reference 5, and 
p. 5 of reference 6) indicate that Wagner's diagonal-tension- 
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field theory may "be too conservative for coas tructions in 
which the diagonal tension field is only partially developed. 

An analysis of the behavior of a flat plate subjected 
to shearing loads covering the range from the start of buck- 
ling to the development of a full diagonal tension field wa??, 
^ijer^fore, thought desirable. Such an analysis » based on Vo 
Karman » s large deflection equations, was made for the case of 
a shear vreb divided into square panels by vertical struts, 

This . invest Igat ion, conducted at the ISTational Bureau of 
Standards, was sponsored by and conducted with the financial 
assistanc<a of the Kational Advisory Committee for Aeronautics 

« 

SYMBOLS 





The following symbols are used 


( see also fig, 1) : 


a 


plato length and plate width 




h 


plntc thickness 




w 


normal displacement of points 


of the middle surface 




Young »s modulus 






Poisson's ratio, assumed to be 


'/o.l = 0,316 


x,y 


coordinate axes with origin at 


corner of one bay of 



the web plate 



D = :r- ^' flexural rigidity of the plate 

12(l-ji,*) 10.8 

P stress function 

Q shear load carried by beam 

C-. average stress in plate in x— direction 

a average stress in plate in y— direction 

T shoar stress at corners of plato 

r ratio of strut area to plate area 

P compressive force in strut 



NACA Til Fo, 962 



3 



! 

A 




median fiber strains 


rr 1 


y xy 


meuian Xioer stresses 




a" . t" 
7 ' xy 


extreme filser Isending stresses 


m* 


3 

n 


coefficients in stress function 


P 




lateral pressure 




n 


coefficient in stress function 




n 


coefficient in deflection function 




n 


integral numbers used as subscripts 


y = 


2,632T/E 


apparent shearing deformation of beam 

(Y is the angle through which the flanges 
of the beam rotate relative to the struts) 






displacements in x and y directions, 
respect ively. 


M 




bending moment in flange 



Consider an initially flat square plate of uniform 
thickness. Two opposite edges are assumed to be simply 
supported by heavy flanges, integral with the plate, which 
allow rotation about the edges but prevent displacement 
parallel to the edges and force the edges to remain straight. 
The other two edges are simply supported by struts, integral 
with the plate, which allow rotation about the eges and dis- 
placement parallel to the edges corresponding to shortening 
of the strut under load but maintain the edges in a straight 
line. 



EQUATIONS FOR TEE DEFORMATIONS OF THliJ PLATES 



The fundamental equations governin^g the deformation of 
thin plates were developed by Von Earman, They are (see refer 
ence 1, pp, 522—323): 
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^4 ,4 ^4 



Kb^w__\ b*vr b^w l 
bx?>v/ bx® by® J 



(1) 



4 ^4 

b w b w b 
^ + 2 + — 

bx^by^ by 



w p h /i 



by® bx" bx" by' 



(2 



bxby bxby 



whore tho median— f Iber stresses are 



s2_ 



by 



xy 



bxby 



(3) 



and the median— f iher strains are 



E Vby® bx / 

"i (k^ "* b^) 



2(l+tJ.) b®P 
E ■ bxby 



(4) 



The extreme— f iher tending stresses are, 



n - _ 



x,y 



Eh 

2(1. 



)h /b®w b®w \ 

.-p.®) Vbx^ ^ ^ by® ^ 



-^^®) bx^>^ r ^ 



2( 1— jj.- / 

Eh bfw_ 
2(1+^1 ) bxby 
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EQUILIBRIUM Ql MEDIAN JIBES POSCSS 

Seydel (reference 7, p, 181) showed that the 'bucklinjs 

load of a simply supported sq.uar3 plate su'bjected to shea]>- 

ing forces is giveu with an error of less than 1 jocrcent if 
the deflection is described "fay 

w = , sin 215 sin iI2- + , sin gin 

. Zrrx . Try , . 2ttx , Srry 

+ w_ , sin — — sin ~ + Wg q sm — — sin — i 

+ sin sin — i • (6) 

"5 • 3 a a 



where w . w , w . vr^ „ , and w„ „ are five ad— 

Ijl' lj3* a,3> 3,3 

justable constants. The analysis will "be carried well beyond 
the buckling load on the assuEiption that ozprassion (6) con- 
tinues to give an adequate description of the buckles in thc^ 
plate, 

A suitable stress function J must now be chosen to 
satisfy equation (l) which expresses the condition that the 
median riber forces. are in equilibrium in the plane of the 
web. If F is taken as, 
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+ 7 5, cos ^ \(^^ - ^ tanh sinh nxr - i") 

n=i, 3,5 

and if equations (6) and (?) are substituted into oq.uation 
(l) it is found by a method shown in reference 8 that equation 
(l) is identically satisfied when 
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^0,0 



^1,1- -feC-lSwg^gWi^s - 16w2,2W3,i) 

^1,5 » 2fe^6*^3,2Wl,3 + 144W3^2W3,3) 
^2,0 » ^(M, 1-^^,1^3,1 - 36tri^3TF3^3 + ISwI^g) 
^2,2 - 2i6(16n,l''3,l + ^6Tri^iWi^3-64Wj^^3W3^3^) 
^2,4 = ifcC 100^1^3^3,1 - 4:Wi^ 1^1,3 + ^^"^1,1.^3,3) 

^2,6 - gfegCi^^^i.s'fs.s) 

^3,1° ^(^^^1,1''3,2 + 64wi^3W2^2) 



'3,3 



^3,5 « 4^(-16wi^3W2^2) 
^4,0 = i^^22w|^2 + 16Wi^l^3,l + 1^^3,3^1,3) 
\2 -ifto^^OOw^ .3^3,1 - 1^3,1 + 2^'^1,1^3,3> 
'''4,4 - 4fe^-^*'^l,3^3,l) 
^4,6 ■ 1081S^"^^''l,3''3,3^ 
^5.1= 2^^^*^2,2^3.1 * 1*^^2.2^3.3) 
^5,3 - ifei^'l^^S, 1^2,2) 



'5,5 



^6,0 - sfc^lSSw^.S + -^^3,1) 



^6,4 = io816^-''^^3,lW3.3) 



^6.6-0 

b„ - B 0 vxhenever m+n is an. odd muaber 



J 



(8) 
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BOUKDAEY OOITDITIONS 



The condition that the edges of the plate ho simply 
supported is automatically satisfied "by eq.uation (6) for 
the lateral deflection. 

The condition that the edges of the plate act integrally 
with the supporting struts and flanges of the beam requiros 
that the strain at the edge of the plate be eq.ual to the strain 
in the supporting strut or flange. This condition will bo 
used to determine the remaining coefficients S'^., A.^, <iind 

in eauation (?), 

The edges y = 0, y = a (see fig, 1) are considered 
to be supported by flanges so heavy that they do not shorten 
under load. The median fiber strain in tho x— direction at 
the edges 7=0, y = a must, therefore, be zero, 

(c^) =0 (9) 

y=o,y=a 

The edges x = o and x = a are considered to be sup- 
ported by struts having a cross— seoti onal area of rah. 
Such struts v/ill shorten under load. If the compressive 
force in the strut is denoted by P, the median fib^r strain 
in the y— direction at the edges x = o, x = a must bo 

^ x=o,x=a rahE 

Since thore are an eq_ual number of web bays and struts, the 
compressive forco in a strut must equal the vertical tensile 
force in a web bay, or 



a 

= J (hap dx (11) 



Substituting from equations (3) and (7) into equation (ll) 
and porforming the indicated integration gives. 
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P = ahay + — ^^i— . V uttB^ slnh ^ cos (12) 



(l+U.)a ZL 

n=a ,4 , 6 



Substituting equation (12) into equation ClO) gives 

(c^) y nB^ sinh iHcosiilll (1 

n.=sy4 , 6 



The fact that the summations in the series expansion for F 
equation (7) have "been limited to m and n = 6 nakes it 
impossi'blc to satisfy identically the houndary equations (P) 
and (13), Except for a small variation in strain of a fre- 
quency higher than the sixth harmonic, however, it can he 
shown hy expanding I" into trigonometric series and hy suh— 
stituting equations (4)» ^'^)t ^.^^ ^8) into equations (9) and 
(13) that equations (9) and (l3) are satisfied 



Hag A Til 2sTo, 962 



10 



for r = oo (w, = w_ when. 



- - E 



As=B3=~(-0, 3S38wf ^ 3,-1. 395wJ ^^-^0. 0775w^ ,-0. 0856w| 



10 



3 . 3 



■2. £ 



+ 3. 693w, ^ ^ 3+3. 207U, ^ ,v.3 ^ 3+I4. 04w, ^ 3^.3 ^3) 
A3=B3=-|5( + 0.1F9wi^iW3^3+3. 597^1^3^3, 2-1. Saiwg^gvra^a) 

A^^^B^s—C-O. 0463w| , 1-2. 4l4w| , 3-O. 1666w| ,3-1.5 06w| ^ ^ 



> (14a) 



-0. 27 8w 1 ^ iw 1 ^ 3+0. 162x^1 ^iW3, 3-6.10^1,3^3,3) 
A5=33=-^^(-0.25 04^.,^,W3^3 + 1.920w^^3W3^g + 3.289W3^3W^^^) 



e = B,=-^-(-0. 05 35w,^ ,-1. 18 iw^ , 3-6 . 3 Ow^ ^ 214v.^ 

+ 0. 4l7v^ ^ ^vr^ ^ 0. 41 7w^ , ^'^3 , 3-^. 29 7v, ^ ^ V3 ^ 3 ) 
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and for r = 0.25 , when 

5j. = -^C+LSSSw^ ^ + 1.975w^ 2 + 11.41Wg ^ + 5.354^2 g + IS.OSw^ 3) 

5y B i^(+0.5315w^^ -L + 2.346w^^3 + Q.9678w|^ ]_ +1.32Ew|^2 +2.SS2w|^3) 

■'^i = 3S^^-"^-°'''°''l,1^2,2 - l-67Svri,3W2,2 - 1° • -^Swg , -[.Wg , 3 -26.96172,3^3,3) 

Bi = ^(-7-079wi^iW2^2 " 1° • 42w-l ^ gWg ^ 3 - 1-679^3^ ^Wg^ 2 - 25.957^2,2^3.2) 

A„ = -I_(_3_572w8 - 29.50w= ^ - 2.715w^ , - 0.6007w^ - 0.5822w2 , 
2 lO"* 1.1 1.5 3,1 2,2 3,3 

+ 12.79W-L, 3^w-j_^ 3 + Sl.eSWj^^ -L^^s,! + 122. 78W]^ gTrVg 3 + 8.745^3 -j^Wg 3 

+ 20.46%-, , + 29.87W, „) 

X, o o, X X, i .i, 

Bs = ^(-3-195wi,i - 2.709w^^3 - 17.07w|^i - 0.45SSw|^2 - 0.4164w^^3 

+ 12.97Wi^tlWi^3 + S.147vVi^-lVT3^-l + 9.29517^^,3^5^3 + 70. 94Ws ^ ^173 ^3 

+ 12.42W]_^3W3 ^-|_ + lQ«32w^^-j^W3 ^3) 
A3 = 1590^1^1^0 ^2 + 2.258i7-L^5W2^2 + 0 . ISSSWg ^ ^Wg ^ 3 - 1. 578W3 ^gWg , 3) 

33 = "^p-C+O.lSgOtTi^lWg^g 0-1333Wi^gr^2^2 3.258w3^iW2^3 - 1-578W3^3W3 3) 
^4= -026851^1^1 - 0.06677w^^3 - 0.1894w^^i - 1.469w|^3 - 0.1307w=^3 

+ 0.1133Wi^iWi^3 - 0.56211*1^.1^3^1 - 6. 982Wi^ 3W3 ^ 3 + 0. 3615Wg ^ ^ g \^ j^^^j 

- 2.042v.-i^3T,:3^i + 0.00478^1^1^3^3) 
B4. = -^(-0.03034^1^1 - 0.2391Wi^3 - 0.04708w3^i - l.lOlWg^g - 0.1177vr3^3 

- 0.3736w^^ 1.^1^3 + O.MMw-L^i^Vg^i + 0.5727Wi ^31*3 ^3 - 5. 161Wg ^ 1^3 ^3 

- 1.470Wi^3W3^i + 0.08222*1^1173^3) 
As = I^(-0-2504wi 1*2^3 - 0.2245^1^31^3^2 + 2. 143W3 ^iWg^ g + S.SSSWg gWg ^g) 
^5 = l|^("°-2504'^1.1^2,2 +2.143*1^3^2^3 -0.2245*3^1*3 3 -1-3.285*3^2*3^3) 
As = -^(-0.03135*1^1 - 0.1047v;i^3 - 0.8686*3^1 - 0.1544*|^2 " 6.221w|,3 



+ 0.1037*1 1*1 3 + 0.1207*1 l^'^S 1 ■** 0.07695*1 gWg^g - 2.862*3^ ^v^g ^g 



- 0.04395*1 3*3 1 



+ 0.2398*^ ,*^ ,) 



1,1 S,3> 
2 ^ a 



E « «s ^ 4S le 

Bg ~ "^^(-0.03761*1,1 - 0.8202v;i 3 - 0.08139*3 1 - 0.1632*3^2 ~ 5,068*3^3 

+ 0.1363*1 1^1 3 0.1508*1 1^3 1 ~ 2.005*i 3*3 3-0.000761*3 1*3 3 
- 0.01981*1^3*3^1 + 0.2910*1^1*^3^3) y 
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The struts and flanges are considered to "be stiff 
enough in "bending to keep straight the four edges (x = 0, 
X = a, y = 0, y = a) of the plate, Eq.uations for the 
u and Y displacement can "be oTitained from p, 322 of 
reference 1, 



bx ^ 2 ^ox/ 



6.V y 2 V; 



by &x 



cw Y 
2 ^Sy^' 



(15) 



= y 



X, y 



ox fey 



Values of u and v can "be obtained by substituting equa- 
tions (4), (6), (7), (8), and (l4) into equations ( 15 ) and 
integrating. This gives for the values of u and v at 
the edges of the plate for r = », ' 



(v). 



= .X 



2. 6S2T 



y=o 

and for r = 0. 25 



E 



(v)^ = X 
'y=a 



2.632T 



(I6c>-) 



(u) = 0; 
x= o 



^-^x=a = ° 



(v) 



2.6g2T 

1 s 



/ N 2.632T A , 2 



+ 2. 346w^^^+0.9673v3^^+1.325w3^3-h2. 982^3^3) (l6b) 
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It is soon from equations (l6 ) that the edges of the plate 
corresponding to x = 0, x =_a, y = 0, and y = a, 
satisfy the condition of remaining straight after 'buckling 
has started. 



EqUILIBEIUM OF LATERAL POEOES 

After the weh plate huckles, the median filser forces 
have components which tend to displace elements of the 
plate laterally from the original plane of the plate, 
These forces will displace the plate laterally until the 
bending stiffness of the plate prevents further displace- 
ment. This condition is expressed hy equation (2), 



The lateral deflection ( e quat i on (6 ) ) must now be deter- 
mined in such a way that equation (2) is satisfied. The 
fact that the series expression for w (equation (6)) has 
been limited to only the first five terms, makes it impossi- 
ble 'to identically satisfy equation (2), Except for a small 
unequilibrated lateral pressure p of order higher than 3, 
however, it can be shown by expanding F into trigonometric 
series and by substituting equations (6), (7), (s), and (14) 
into equation (2), as is done in reference 8, thai equation 
(2) is satisfied. 
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for r = Go(W|^ 3 ~ ^^3 when 

+ 35.69wJ 2 + 15.16Wg ^ + 8.09w| g - S.SSw-j^^gWg^g) 

- 0,5840Wp -1S.147Wt 0.00853\T!t „ +34.36w^ _w_ _ 

E 1,3 3,3 

+ l.eSlWg 2 + 8.80w| gW-[^ 2 + 3.603w| gWg g- 

0 = 123. 3w^ S ■^'^l 3(-i9-72w^ - 61.28Wg^g) + g(57.041i2 
+ 12.85wJ^^ + 156.6Wg^g +74.64W2^2 + 24.36w^^^W2^g) 
+ l.OSlWg^g " 0.2761w|^]L * 0.0235w|^g - 2 . 220^^ ^ ^Wg ^ g 

+ 0.8387w^ . + 4.402W® ^w^ _ + 15.62w| „w„ „ 

0 = ISS.SWg^g + Wg^g(-0.02561W3^^^ + 0.1410w^^g) + Wg^2(120h2 
+ 513.2w|^2 + 81.90w|^2 + 3. 358w^^ ^w^^ g + 15.16w^^^) 

- 1,S92W2^2-^ ~ 0.0453wJ^^ - 40.85w^^g - 4. 43gw^^ 3_w-j_^g 
+ 24.36Wt t + 5,599w| ^w. . + 31.22w^ „ 

0 = 51'47w|^2 + W2^2(23.704h* +8.090TrJ^]_ + 149.3w|^g 

+ 81.90wJ _ + 17.61W- „ + 7.301W. -W„ „ + 62.45W- „ 

0,0 J.»l 1,0 1,1 OiO 1,0 0,0 



+ -^(-0.58401^. T + 2.102Wt , - 1.892w„ -) 
S 1,1 1,3 0,0 
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and for r ■ 1/4, when 

0 - 1.184w»^^ - ^(0.8048^^^3 + 0.8133T7g^^+ O-lOSlWg^g) + W3_^3_(6. 147w»^3 
+ 9.424Tr|^j^ + 4.946w|^2 + 7.997w|^2 - 4.438Wg^ ^^Wg^g - 4.5604ir^^2Wg^g 



5,3 

+ 2.13gw, _w_ , + 1.48151x«) - 0.081S7ir» _ - 0.05188w| . — 0*00543w» 



■l.3"3,l 



1,3 



3,3 



' -e.B34w»^,3^,l + 0.1433w»^3W3^g - 6.448vr^^3W»^ ^ + 4.403W3^^3-|^3 + 0.7930^^^3^1^ 3 
+ 0.09037^1^^^3^3 + 4.404l.3^^w|^34O.4790,rg^^w»^3+ 33.69.^^31.3^^^3^3 
+ 3,80BTj|^2lT3^g — 0.5840^2^2-^ 



18.894W? „ + w„ _(4.946ir« , +36.52STr» _ + 49.38717? . + 53.584w? 

0* 0 



3,2 



1,1 



1,3 



3,1 



3,3 



+ 8.803w^^^w^^g + 8.808vrg^^w^^^+ 7.207,.-^^^W3^3 + Sl.SSw^^^^gWg^g + 31. ig,.g^ ^Wg^g 

Ta" 

+ 33.16Tr, ,Tr, , + 33.7.041i')+— (-0.5840W. ^ + LOSlw^ _+ l.OSlw, - — 1.898W, „) 
1,3 0,1 S J-j J- - -i-jo <J»-1- »j" 



0 - 95,5611^^3 + w|^g(-0.0162gir^^^ + 0.05923TT3^^g+ 0.08791W3^^) + Wg^gi7.g95w»^^ 



1,1 



+ 106.16W? , +134.05W? , + 53.585w? „ + l.B86Tr, _ + 0.g578w, ,w, 



1,3 



3,1 



2,3 



1,1 1,3 



1,1 3,1 ■ 



+0.4191ir, _w„ , + 130,0 — 21. 03w? » — 30.70tiS , — 0.03405W? , — 2,380wS ,w, , 
1,3 3,1 1,1 1,1 ijO 

-3.319wl,l*'s,i+ 0.1436ir3^^iw£^g +0.09046T«-i^lW|^3_ + 3.6O3iri^l7T|^2 + 0.6a84w|^gi73^3^ 
+0.3717W3^^3w|^3^+15.613wi^3W|^3 + 15. SgWs^-L?^^ 3 + 33. Sgwi^ 1^1^3173^1 - 1.893W3^33|^ 

0 - 30,235w^^3 + lt^^g(-0.3443w-L^i — 0.3904^3^1 — 63.09*3^3) + ^l^sC'S- 147wi^ 1 
+37.897w|jl + 106.156w|^3 + 38.34w|^g — IS.OBwi^ iirs^i + 0.284gvi^3W3^3 
+ 1.358ir5jiff3jg + 37.0411*) — 0.3683wl,i — 0.07916173^1 + ,0ig76wJ^g + l,064wj^ ^Wg^ 1 
-8.380i7|^lWg^3 + 4.40nTi^iw|^a - 6.448iri^3W§^ 1+ 0.7937wi^iw|^g + 0.3734i7|^iifg^g 
+ie.08W3^liT|^a +0.3096173^ iw|^ 3 + lB.63w|^2^3, 3 + SS.Bgiri^iWg^iWg^g + l.OSlWg^gl^ 

0 " 68. 735*5^1+ w|^i(-0.1B58i7i^i—0.3367i7i^g— 62. 09W3^3)+Wg^l(3. 433175^^1+ 37. 898171^3 
+ 49 . 405172^ a + 134. 05173 , 3~ • 1^1, 3 + 0 • ISOSWi^ 1W3 ^ 3+ 0 . 7445wi^ jWg^ 3+ 37 . 04h» } 

— 0.3711171,1— 0. 1303wi^ 2 + °' 02933w5^ 3+1. 064wi^ iWl^ 3 — 2, 319Wi^ 1173^3 —6. 524wi^ 1^^1,3 
+ 4.403l!^^l17|^2+0.4787l7i^ll7|^3+0. 639317^^3173^3+18. 08l7i^3T7|^3 + 0.3095l7i^3w|^g 
+ 15.B9w|^3i73^3 + 2S.69wi^i-!7i^si73^3 + LOSlWa^g ^ 



(171?) 
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3EKDIlfG MOMENT AIJD SKEAaiNG FOH.CE IN FLANGE 



A flcmge of the "boani (fig. l) can itself "be considered 
as a "beasi supported at the strut points and sulDjected to a. 
lateral lot-.d "by the median fiher tension in the shear woId, 
Before buckling, the woh carries all the shearing force in 
shear and therefore there is no tendency to hend the flange. 
After "bucfcling, however, the weh carries some of the shear- 
ing force hy developing a diagonal tension field. This diag- 
onal tension field tends to draw the two flanges together, 

She flange "bending moment will be considered as positive 
v;hen it curves the lower flange concave up\irard or the upper 
flange concave downward. The shearing force in either flan^-e 
will he considered positive if it tends to support an external 
load C^, directed as shewn in figure 1, 

If use is made of the fact that the flange bending i-aciiient 
is the same at each strut point, the shearing forces in the 
upper and lovrer flanges are, respectively. 



/ 

— ' V 



h(a^) 



y=a 



_a 

dx - - / h(a ») xdx 
°- ./ ^ y=a 



and 



h(CT I) Xdx 

y y=0 



- / h(cr ' y dx 

J ' y ^ y=o 



(18) 



'O "'X 

The bending moment in the flange is determined by making 
the slope of the flange the same at each strut point. This 
gives for the bending moments in the upper and lower flanges, 
respect ively, 



>a 



y=a 2 



h(c7«) x/^l--5Yx+- 

y V=a V ^ r ^ 



X a 
/ dx / dx, 

j h(a«) x(i-iVx+- r^^ox) 

X a 

do U X. 



h(a O xdx 



y=o 2 



> (19) 



xdx 



J 
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Sutst it-at, ing for (crJ.) froi.; cjqurit ions (a) i?incL (?) 5.n'.1 

porf ori:in.ti; the int et^r.-it ions in cQua,ticn (19) ,<7ivGs for K,,^ 

:0 



\12 2a 2a^/ \a J 



6 e 
m = i 11 = 0 

5 



6 



^ LVI+M- 2 2/ 22 2 J\a 



fl=M_iiiiIcofchBl'N cosh JBE+iH sinh -Sll 
L\l+p. S 2 / 2 2 2 -1 



COS 5315 



/± _ i: I fcosh nn f-^ — ^\ — co?h — B>- 

2 J G"?) 



n=i , 3 



+ nn 



+ mr 



e 



+ h ) 3„ /rizii-HI cothiHl cosh nrr 



+ ^ — _ Sinn— — 

UTrd+ti) 



IN. 



\ sink im 



C 19a) 



SHEAH LOAD CAaRIED BY BSAI-t 



She (fig. 1) supports a shear load Q,. At any ver- 

tical section through the iseani this load is partially carriivi 
hy shear ir:. the v/eb rtuI partially hy shear in the flanges. 
Part 0? the shear in. the wsTa may be considered due to the 
cLiagonal tension after buckling. 
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She shear load carried "by the flanges is o"btaiiied "by- 
adding aq.uations (l8), The shear load carried hy the web is 

- r h Tt dy (20) 
J 3cy 
o 

Adding oqur-t ions (l8) and (20), substituting for cr^ and 
T^y their values as given by equations (3), (7), (b) , ( I4r.) , 
ana (l4b), and integrating gives 

for r = w (w^ jj = Wjj^^) 

0=- Tah+w^ „ (l,3P0w, -4.862W, 3 + 4.376Wg ,) (21a) 

a,Sa_ ■'■»'' 



and for r = 1/4 

Tah+w_ lli(l.349w, .-.2.432w -2.43OW3 +4.372W3 3) (21b) 
• •"a ■'•I* "^t > I 



SHEARING DEFORMATION OF BEAM 



Tha slioaring forces acting on the end of the beam cause 
it to shear downward as shown in figure 1, The amount of tlio 
downward displacement is (v)y._Q in eq.uations (lEa) and (l£fc) 
This giv3s 

^^\v=o 2.632 ^ = Yx-, y =-2.632 ^ (22) 



whoro Y is the shear deformation of the beam. 



EFFECT I VB ¥II>TH IN SHEAR 



The loss in shear stiffness of the beam after buckling, 
of the web may be considered as a loss in effective width of 
the sheet. The effective width ratio in shear for a givon 
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shearing doforeation Y will "be defirieA as the ratio of the 
load actually carried "by the "beam to the load which might 
have been carried had the web not "buckled, 

The load actually carried by the beam is given by equor- 
tion_s (21a) and (21b). The shearing defor»aation of the beam 
is Y (equation 22), Jrora. equations (3), (4), and (?), 
therefore, a load Tah might have been carried v;-ith a shear 
defoTEiation "Y if the web had not buckled. The effective 
width ratio is, therefore, 

Effective width ratio = Q,/ Tah (23) 

Substituting for Q from equations (Sla) and (21b) gives 
for r = a. (w^^jj= w^^^) 

Effective width ratio 



= 1 ^ Wg (l.350wi -4.862w^ +4.376W3 ) (24a) 

T B 

and for r = I/4 
Effective v/idth ratio 



= 1--'=^S w_ _(l.349w 3-2.432w^ -2,430W3 ,+4.372w3,3) 

(24b) 

COMPRESSIVE FOECE IN VEH5PICAL STRUEP 



After buckling of the web, the diagonal tension field 
tends to draw the two flanges of the beam together, This 
action is counteracted by the vertical struts which hold the 
flanges apart, The r^agnitude cf the resulting cOiapressive 
foroe__in the strut is given by equation (l2). Substituting 
for Oy, Bg, B4, and Be the values given in equations 

(l4a) and (l4b) gives 
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for r = -(wj^^g = Wg^^) 

P = l^i hl.804wj^i+18. 04w|^g+16.24w3^3+7.217Wg^g) 



+ cos-^(-0.0846w^ j-0.2858Wj 3-O. OI7IW3 3-O. OlseWg ^ 

+ cos ^(-0, 0047W? -0,2467w? ~0. 0170w? -O.lPSSw? ^ 

-0. 0284w^^^w^^ 3+0.0165w,^^^W3^3-0.623w^^3vr3^3) 

+ cos^^(-0. 0019w^ -0. 0419w^ -0.223Fw^ -0.0076wf , 
0^ 1,1 i»3 3,3 a, a 

+ 0,0148Wi^iWi^3 + 0.0148Wi^3_W3^3- 0.0814Wi^3W3^3)| (35a) 
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sixid for r = 1/4 

-0,OG9X9w3^3+0,2952Wi^lVi^3+0.179 8Wi^iW2^i 

+ 0.20?lw^^3W3^3+ l.eS6w^^^^W3^3+ 0.2741w3^^3;v3^^ 

+ ccp.^'(-0. 003 098w^ ^0. 03441W® -0.004807wJ 

-0. 1134w^- -0, 0l2C2w2 _~0. 033£6.w v 

+ 0.01444W w + 0,05847w w -0.5269v w 

• 1,13,1 1,33,3 S,l3,3 

-0.15 0lv;i^3W3,i + O.GC91&9vr^^^w^^^3) 
+ cos-^^(-0, CC1334W? -C,C2910'4 -0. 0C28e3w° -0. 005790w^ 

-C.3.7P8w5^,.+ C. 004836w^^^vr^^3+C,0Cf5 35C;.^^^W3^^ 
-C.C7ll4w,^,W3^3,-0.0OCC2696w^^^W3^3 

-C. 0CC7C29V, +C.C1G32W w ) "| ( 2P I 

1,33,1 1,13,3] 

Stress at Center of Shear Bay 

Zxar^in f?^ti en of 'boajns which hnve ssvore shear huckl'.^s 
iridicattas i-hat the oaxirnTiin lascTjrnne stresses tire likely to 
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occur at the center of tho shear "bay with the line of fail- 
ure runiiing at nearly 45^ to the flanges. 

The stress at the center of the plato is olstainod frou 
equations (s), (7), (s), and ( 14) lay letting x=y=a/2. 
This gives 

for r = cCw^^g- Wg^i) 
a 



^ ^ P:c=a/ 2=;^^ 3 . C69w| ^ ^+5 0. 22w^ ^^+27. 35w| , 3+2. 278w| ^ ^ 
y=a/2 



-15.59w^^^w^^^+4.187w^^^w^^ -56.24w,^3W3^3) ( 



I 



^■^iy^ ^ / = T + -—Wg a(2.267w^,a+25.8Cwi,3-5.775w3,3) 

3C— a^ 3 a 

, 2r=a/2 >^ 
and for r = I/4 

^=^x)x=a/2= •^(2.586w°^i+14.26wi^3+11.58W3,i+C.4213vrJ,2 

y=a/2 

+33. 15 V J ^ 3-2. 673w^ ^ j^w,^ ^ 3-7. 823wi ^ J 1+4. 326W1 , 1W3 , 3 
+24. 5 ^ 3W3 ^ 1-^45 . 5 7^/x , 3W3 , 3-9 . 942W3 , , 5 ) 

^''^K=o./2"f^^ 1. 597wt ^ 1+13. 75wt ,3+2. 186w| ^ ^-3. 612^2 ^ 2+14. 09w| , 3 ; 
y=a/2 ^ 

t 

-2.663w^^^w^^3-8. 0C3Wi^iW3^i+4.176wi,xWg,3 I 

i 

+24.43w^^3W3^^47.15wi^3W3^3-9.056w3,iW3,3) [ 

^"^iy) .(2.268W +12.90w +12.90v/ -5.776w, 1 

yt=a/2 J 
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Iho naximum and mininiuri principal stresses at the cuntos: 
of the plo.te aay "be obtained from oq.u.^tions (SCa) ar.d (S6"b) 
"by tha oquo-tions on page 19 of reference 9, 



max 



tan 2a = 2 



a « - cr » 



vrhero a is the r.ngle "between the st-axis and the direction 
of a principal stress. 



Stress at Goraor of Shear Bay 



jphe Ejtross at the corner of the shear hay rmst he mainly 
a shearing stress, sinco the priacipai defomation is a change 
in angle ootween the horizontal flange ani the vertical struts 
The hcundary conditions of- zero strain parallel to the flange 
and of strA'.iu parallel to the strut eq.ual to the strain in the 
strut were only partially satisfied (see eq.uations (9), (l?), 
(I4a), and (141))); so small residual stresses in the x and 3 
directions are left, A measur-a of the degree to which the 
boundary equations are satisfied is the ssallness of these 
residuals in the case where r = or. These are computed latsr 
in the paper and appear in the second and third columns of 
tables 5a and 3%. 

The stress at the corner of the plato is obtained from 
equations (3), (3), (l4a), and (14b) by letting x = 0, 

y = a, This gives 



for r = « (wi^3 = W3^i) 

(a«=c») --=^(0.157w^ , + 1.94w5 _+2.l4w3 _+0.332wJ ^ 
X y y.= 0 a* * ' ' ' 



1 



y=: 



(t » ) 

^ xy^x=0 



-1. llv 1 , ^ 5-1. 18W 1 , ^ ^-0. 6 ^ 3W3 ^3 
+ 0.733w^^^w^^^^0.94w^^3W^^^+1.96w3^3W,^,) 
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arid for r = 1/4 

(tj ,) = -^(-0.2889w^^i-12.42>r^^3 + 9.693w3^i-1.029wa,3 

-1.36 0Wi^iW3^g+0, 1805Wi^3Vr3^i+6.160vri^3W3^3 
-7.493W3^^W3^3+0,7299w2,aWi^i+7.324wi^3W2,a 
~S.273vr3^^vr3^3+1.946.Wg^3W3^3) 
(«'^) =4(^1.116w| -9.0B0w| -2.l08w|^,-4.572vJ^3 
-l0.35w5^3-l,5434w^^^W3^^3-1.290w^^^W3^^ 
-2.799w^^^W3^3-0.1693w,^3W3^^-1.067w3,^3W3^3 
-4.157w3,iW3,3+0.729aWi^iWa^a-0.6991Wi,3Wa,a 



X=;0 



-0. 2494W3 ^ ^ 3+1. 945Wa ,2W3 ^ 3 ) 



= T 



0 

y=a 



Depth, of Buckle 



The contour of the buckle In the shear bay is given by 
eq.ufition (6). The depth of the buckle at the center of tho 
bay is obtained by setting x = a/2 and y = a/2. This gives 



''^center = 1 , i"^! , 3-^3 , i+*^3 , 3 



(29) 
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HfUMERIGAL SOLUTION 
Deflection Coefficients 



Iho deflection coeff iclonts are obtained "by solution 
of tho sinmltaneous equations (l7a), (17^). These oauations 
were sol-ved "by a method of successive approximation, using 
the following steps: 

1, Divide each of equations (l7a) and (171)) by h^. 

2, Estimate values of w^^^/h, w^^^/h, vi^^^/h, 

Wjj 3/h, Ta*/lh^, corresponding to a given value of 3/^* 

3, Expand the right— hand side of each of equations 
(l7a) and (l7b) in a Taylor series in the neighborhood of 
the estimated values of w^^^/h, w^^^/h, w^^^/h, Wg^^/h, 

and Ta^/3h**, omitting the square and higher order terms, 

4, Solve the resulting Linear equations for the differ— 
ence between the chosen values of w,^ z/^t ^1,3/^* Wg^i/h, 

■ - = • 

reference 10, was used for this.) 



Wg^g/h, Ta^/Eh and the improved values, (Grout's method. 



5, Sepeat until the estimated error is loss than 0,2 
percent, The convergence was rapid; so one or two trials 
Usually wore sufficient to give an accurate answer. 

The results of the computation v/ere checked by substituting 
the answers in the original equations Cl7a) and (l7b). The 
results are given in tables la and lb for values of the shear 
load up to about _seven times the critical value for buck- 

ling. The value of V was computed from T by using equ£i— 
tion (22); Ci was computed from T, w ^ ^ 1, ^1,31 *^3,ii 

v/g^g, and Wg^g by using equations {21a) and (21b), 



Median Fiber Stresses at Center of Shear Web 

The median— fiber stresses at the center of the shear web 
were computed from equations (26a) and (26b) and tables la 
and lb. The maximum and minimum principal stresses then were 
computed from equation (27). These stresses are given in 
tables 2a and 2b and are plotted against the shear load ^ in 
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dimensionless form in figure 2. When r = <», the dirGction 
of the maximum principal stress forms an angle of 45° with 
the flanges for all loads; when r = l/4, however, the 
angle is 45° at the "buckling load and decreases to 39° 3' 
as the load is increased to five times the buckling load. 

As might be expected, the maximum principal stress 
(corresponding to tension along the wrinkle) continues to 
rise after "buckling while the minimum principal stress (cor- 
responding to compression across the wrinklo) remains nearly- 
constant after "buckling. 

The reiaf orcement ratio r has only a small effect on 
the wo"b stresses at the center of the shear "bay, (See fig. 2, 

The drop in tensile stress at the center when the reinforce- 
ment ratio changes from l/4 to co is only 7 percent at a 
shear load of 45 Eh^/a. 



Median I'i'ber Stresses at Corner of Shear Web 

OJhe modinn— fiber stresses at the corner of the shear 
web WQTQ computed from eouations (28a-) and (28b) and tablas 
la a:id lb, Ihe maximum and minimum principal stresses then 
were computed from eq^uation (27), These stresses are given 
in tables Sa and 3b and are plotted against the shear load 
Q in diraeusionless form in figure 3, The direction of the 
maximum principal stress forms an angle of 45° with the 
flanges for all loads when r =oo; when r = l/4, however, 
the angle is 45° up to the buckling load and decreases to 
41° 4* as the load is increased to five times the buckling 
load. 

Comparison of figures 2 and 3 shows that the maximum 
tensile stress occurs at the center of the plate while the 
maximum compressive stress occurs in the corner. 

The reinforcement ratio r has an appreciable effect 
on the stress in the corner, (See fig. 3.) The increase in 
compressive stress at the corner when the reinforcement ratio 
r changes from oo to 1/4 is 40 percent at a load 
(%= 4P 3h 3/ a. 

Effective Width of the Sheet 

The effective width of the sheet (corresponding to the 
width of unbuckled sheet which would give the same shear 
deformation as the actual buckled sheet) was computed from 
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equations (24a) and (24^) and tables la and lb. The ratio 
Of the effective width tp the actual width is given in 
tahles 3a and 3"b and is plotted in figure 4 against the 

shear deformation fatio Y --, Changing the strut area so 

h* 

that the reinforcement ratio r = l/4 instead of oo causes 
a drop in eff ec t iT8_width ratio from 0,88 to 0.81 for a 
shear deformation V = 140 h^/a^. 

figure 4 shows that the effective width decreases slowly 
with increase in the shear deformation. In this connection it 
should he rememhered that the present paper is limited to eG£;:e 
reinf orceaent s which are rigid against "bonding in the plane of 
the woh. It should not be assuiaed that the effective width will 
be as hi;gh as in figure 4 when the reinforcements allow bendinc 
in the plane of the veb. 



Bending Moment in Jlange 

The bending moments in the lower flange, due to the v;ob 
stresses c' acting normal to the flange, are given by oqua— 

tion (l9a). This equation does not take account of the fact 
that th3 web shear stress T^y contributes to the bending 

moment when the neutral axis of the flange does not coincide 
with tha edge of the shear web. The bending moments along the 
flange y = 0 computed from equation (l9a) using equations 
(S), (l4a), ( 14b) , and tables la and lb, are given in figure 

5 for r = 1/4, ft = 45.37Eh3/a and for r = oo, Q= 47.222h^/a. 
The maximum moment occurs at the struts, 3c =t 0, x = a. The 

distribution of moment is siiriilar to that in a beam with clp-rriped 
ends under a uniformly distributed load. Although the shear 
load Q, is nee,rly the same in the two cases, the moments for 
r = oo are nearly twice the moments for r = l/4; the decrease 
in cr OS s— sect ional area of the struts causes a marked decrease 
in flange bending moment. 



Compressive ?orce in Strut 

The coi.:press ive force in the strut is given by equation 
(l2). The distribution of cor.pressive force P along the 
strut was computed from equation (12) using equations (l4a) 
and (l4b) and tables la and lb. The results are plotted in 
figure 6 for r 1/4, Q = 4P.37Bh3/a and for r" = », 
Q, = 47.221h^/a, The variation in occpressive force P along 
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the strtit is 19 percent when r = 1/4 and only 3 percent 
when r = The maximum force occurs at the center of the 

strut, y = a/2, 

The maximum force P„ ;„ was computed for various 

y=a/2 

loads. It is plotted against load in figure 7. ^ot a ^iven 

load on "the "beam, the force P _ /„ in the strut Is 

y— a/ a 

about throe times as great when r = » as when r = 1/4, 
When r = l/4 a considerable portion of the force holding 
the flanges apart seems to be carried by the sheet adjacent 
to the strut. 

Shear Deformation of Beam 

The shear deformation V of the beam and the shear lor-.d 
^ are given in dimeasi onl e s s form in tables la and lb, 2hey 
are plotted against each other in figure 3 for r = 1/4 and 
r = o3. The deformation when r = 1/4 is only about 9 per- 
cent greater than when r = oo. The cros s— s e c t i onal area of 
the strut apparently has only a minor effect on the stiffness 
of beams with buckled webs resisting shear when the strut 
spacing equals the beam depth and when the flanges are vory 
stiff. 

After buckling, the effective shear stiffness of the 
web is decreased about 8 percent for r = w and about IS 
percent for r = 1/4, 

Comparison with "Tension Pield" Theory 

The most widely used concept in predicting the behavior 
of a shear web after buckling is th!=it of the "toasion field" 
originated by Vfagner, Wagner (reference 2) postulated that 
the shear load carried by a thin sheet web after buckling is 
chiefly carried by tension in the direction of the sheet 
buckles. Improvements of V/agner*s original theory to take 
account more adequately of the case of an incompletely devel- 
oped tension field have been derived in references 11, 12, 
and 13, 

Kuhn (references 11 and 12) has developed a sem i empi r ical 
trep-tment for the action of shear webs in incociplete diagonal 
tension, Kuhn ' s results are plotted as curves C in figures 
S, 10, and 11 for comparison with the present work. The agr^e 
aiGiit is excellent in the practical case where r = 1/4 except 
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for the str.-;T,s in thi corner of the buckle (curve B) . In. 
the extreme case where r = however, the agreement is 

not so good, 

Langhaar (reference 13) takes account of roinf orcements 
and assumes that a compr essive stress equal to the critical 
shear stress acts perpendicular to tht5 "buckles. He neglects 
the effect of Poisson's ratio (|i, = 0), Langhaar's results 
are plotted as curves D in figures 9, 10, and 11 for com- 
parison vj-ith the present work. The agreement is excellent 
for the stress at the center of the panel (curve A. fig, 9), 
It is not auite so good for the shear deformation (fig, 11), 
Tot the force in the strut (fig. 10), Langhaar ' s results are 
nearly tv/ice as high as those of the present paper. 

The preceding comparisons of Wagner's theory, as de- 
veloped "by Zuhn and "by Langhaar, with the more ccmpleto 
analysis given in the present paper for the special case of 
a square plp.te, indicates that V^agner's theory as developed 
by Zuhn is in "best agreement with the present paper in the 
practical case r = 1/4, Kuhn ' s theory is in especially 
good agreement for the force in the strut when r = 1/4, 
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Table la - Valties of the deflection coefficients as a function of the apparent 
shearing deformation 7 or of the shear load Q for r = — . 
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8.61 
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-8.61 
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23.24 


•t0.l5S7 


-0,0118 


-0.0118 


+Q . Od66 

T^rf • WWW 


-0.0479 


-8.83 




24.61 


+ .2922 


- .02 ■^5 


- .0360 


+ .0134 


- .09^1 




10,01 


26.65 


.4070 


- .O30O 

- .0455 


+ .0210 




-10,12 


10,56 


28.25 


+ .4764 


- .0455 


+ .0270 


- . 1722 


-10, 7'^ 


11.01 


29.6 


.52? 


- .053 


- -053 


.032 


- .198 


-11.23 


12 .00 


32.? 
36.0 


.013 


— tUDy 


— •Qoy 


• 043 


- .251 


-12.34 


13.20 
14,02 


.694 


- .085 


- .085 


.055 


- .305 

- .344 


-13.68 


38.5 


.746 


- .097 


- .097 


.065 


-14.63 




42.6 


.814 


- .115 


- .115 


.08(3 


- .40? 


-16.16 


16.55 


46.a 


.881 


- .129 


- .129 


.093 


- -^^^ 


-17.56 


17.86 


50-2 


.917 


- .145 

- .172 

- .206 


- .145 


.107 


- .499 


-19.06 


20.67 


58.8 


1.006 


- .172 




- .*7ol 


-22.32 


24.30 


70.0 


1.110 


- .206 




-26. I9 


25.04 


81.6 


1.200 


- .2^4 


- .234 




- .804 


-30.99 


32.04 


94.0 


1.284 


- .263 


- .263 


.282 
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-3?.?2 


36.60 


108.2 


1.371 


- .2?1 


- .291 


- .999 


-41,10 


41.76 


124. 


1.462 


,-^20 


- .320 


.322 


-1.101 


-47.20 


47.22 


141.3 


1.551 


- .348 




.361 


-1.199 






159.9 


1.642 


- .376 




.401 


-1.299 


-65.75 


59.82 


180.4 


1.828 


- .403 


- .403 


.442 


-1.400 


-68.55 


66.69 


202.0 


- .432 


- .432 


i482 


-1.499 


-76-.70 



lable lb - Values of the deflection coefficients as a fiinction of the apparent 
shearing defornatlon 2 or of the shear load () for r = 1/4. 



2a. 
Blj3 



0 

8.61 
8.73 
9.10 
9.61 
10.21 
10.86 
11.55 
12.27 
13.02 
■13.81 
14.64 
16.40 

18.33 
20.4? 
22.77 
25.31 
31.03 
34.25 
41.42 
45.36 



- a" 
■» — 

h= 



0 

22.66 



25.66 
27.47 

29.50 

31.63 
33.98 
36 .44 
39.02 
41.75 
47.67 
54.22 
61.47 
69.47 
78.25 
98.16 
109.40 
134.43 
148.24 



0 
0 

.1601 
.3196 
.4522 

.5662 
.6647 

:gg 

.898 
.962 
+1.02 
+1.129 
+1.232 
+1.327 
+1.419 
+1.509 
+1.687 
+1.775 
+1.954 
■»2.045 



12^ 
h 



0 
0 

-.01178 

- .02504 
-.03844 

-.of25 

-.06709 

-.082 

-.097 

-.113 

-.128 

-.144 

-.175 

-.208 

-.240 

-.272 

-303 
-.365 
-.396 

-.458 
-.488 



h 



0 
0 

-.01174 

-.02472 

-.03745 
-.05035 
-.06|26 

-.101 

-.113 

-.125 

-.151 

-.169 

-.189 

-.209 

-.2298 

-.267 

-.286 

-.324 

-.343 



0 
0 

+.00657 

+.01411 

+.02198 
+.03051 

+.03972 

+■.049 

+.060 

+ .071 

+.083 

+.095 

+.122 

+.151 

+ .182 

+.214 

+.249- 

+ .320 

+.3?8 

+ .434 

+.472 



^2.2 

b 



0 
0 

- ,0479 

- .1000 

- .1500 

- .2000 

- .2500 

- .300 

- .350 

- .400 

- ,450 

- .500 

- .600 

- .700 

- .800 

- .900 
-1.000 
-1.200 
-1,300 
.1.500 
-1.600 



^af 

Eh 2 



0 

- 8.61 

- 8.74 

- 9.16 

- 9.75 
-10.44 
-11.20 
-12,03 
-12.91 
-13.84 
-14,32 
-15. 36 
-18.11 
-20.60 
-2^.35 
-26.39 
-29.73 
-37.29 
-41.56 
-51.07 
-56.32 



NACa TH No. 968 



Table 2a - Median-Fiber Stress at Center, r 

Uaxlnum and Mlnlnum Principal Stresses 
Direction of Principal Stresses 



Eh3 



c" a' 

T 



Eh? 



8.61 
8.S2 
9.30 
10.01 
10.56 
11.01 
12.00 
13.20 
14.02 
15.25 

17.86 
20.67 
24. 30 
28.04 
32.04 
36.60 
41.76 
47.22 
53 .22 
59.82 
66.69 



0 

.1287 
.4555 
.9363 
1.34-9 
1,701 
2.523 
3.4-76 
4.253 
5.496 
6.712 
7.874 
10.486 
14.233 
18.015 
22.227 
26,924 

32.361 
38.128 
44.479 

58.811 



0 

.1287 
.4-555 
.9363 
1.34-9 
1.701 
2.523 
3.476 
4.253 
5. -496 
6.712 
7.874 

10.486 

18.015 
22,227 
26 .924 
32.361 
38.128 
44,479 
51.332 
58.811 



- 8.61 

- 8. S3 

- 9.35 
-10.10 

-10.68 
-11.16 

-12.13 

-13.40 

-14.22 
-15.52 
-16.71 
-17.92 
-20.58 
-23.92 
-27.35 
-30.96 
-35.03 

^l60 
-49'.98 
-55.93 
-62.03 



- 8.61 

- 8.70 

- 8.39 

- 9.16 

- 9-33 

- 9.46 

- 9.66 

- 9.92 

- 9.97 
-10.02 
-10.00 
-10.05 
-10.09 

- 9.69 

- 8.16 

- 7.^6 

- 6.47 

- 5.50 

- 4.60 

- 3.22 



8.61 
8.96 
9.51 
11.04 
12.03 
12.36 
14.70 
16.83 
18.47 
21.02 
23.42 
25.79 
n.07 
33. 15 
45.37 
53.i9 
62.00 
72.08 
82.73 
94.46 
107.26 
120.84 



Table 2b - Medlan-ffltar Stress at Center, r = 1/4 
Maximum and Ulnimum Principal Stresses 
Direction of Principal Streases 



Qa 
Eh3 



'o 2 



«"„ a 



Eh* 



V2 



o-'a 



Bh'= 



<r a' 



8.61 

8.73 
9.10 
9.61 
10.21 
10.86 
11.55 
12.27 
13-02 
13.81 
14.64 
16.40 
18.33 
20.45 
22.77 
25.31 
31.03 
34.25 
41.42 
45.36 



0 

+ .10 
+ .42 
+ .89 
+1.46 
+2.12 
+2.86 
+3.67 
+4.55 
+5.49 
+6.50 
+8.78 
+11.29 
+14.16 
+17. J3 
+20.55 
+29.23 
•*-33.94 
+4?. 55 
+50.46 



0 

+ .06 
+ .27 
+ .58 
+ .95 
+1.39 
+1.87 
+2.39 
+2.96 
+3.?8 
+4.24 
+5.72 
+7.34 
+9.21 
+11.30 
+13.63 

+19 .03 
+22.10 
+29,05 
+32,92 



- 8.61 

- 8.75 

- 9.16 

- 9,73 
-10.39 
-11.10 
-11.85 
-12.60 
-13-39 
-14.19 
-15.00 
-16.69 
-18.53 
-20.48 
-22.58 
-24.34 
-29.85 
-32.6? 
-38.82 
-42.20 



- 8.61 

- 8.66 

- 8.81 

- 9.03 

- 9.18 

- 9.35 

- 9.49 

- 9 -If 

- 9.65 

- 9.68 

- 9.67 

- 9.51 

- ?-32 

- 8.94 

- 8.44 

- 7.81 

- 6.15 

- 5.15 

- 2.78 

- 1.41 



+ 8.61 
+ 8.83 
+ 9.51 
+10.50 
+11.61 
+12.87 
+14.23 
+15.66 

-rl7.17 

+18 .76 
+20.42 
+24.02 
+27.96 
+32.32 
+37.12 
+42.40 
+54 .42 
+61.20 
+76.39 
+84.79 



450 

440 56' 
440 46" 
440 32.5' 

44° 18' 
440 r,i 



430 
430 
430 
430 
42 o 
42 o 

41 o 
41 o 

41 



48 « 

4.5' 
50' 



40O 48' 
40° 9' 
390 ^2» 
390 211 

39° 8» 
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Table 3a - Iledlan Fiber Stresses at Corner of Shear Web, v 
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0 


«0004 


• 00 
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-.008 
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-.017 
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-.02? 
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-.037 


-.04 
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-.06 


-.099 
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-.14-1 


-.14 


-.207 


-.21 


-.270 


-.27 


-.341 


-.34 


-.42? 


-.43 


-.?12 


-.51 


-.612 


-.61 


-.726 


-'P 
-.84 


-.839 



Eh3 



T a- 
Eh2 



<r' a' 

■ oaTC 



Eh^ 



Eh2 



Effective 
width 
Ratio 



e.6i 
8.82 
9.30 
10.01 

10. ?6 
11.01 
12.00 

13.20 

14.02 

16.5? 
17.06 
20.67 
24.30 
28.04 
32.04 
36.60 

4-1.76 

47.22 

?3.22 
?9.82 
66.69 



- 8.61 

- 8.83 

- 9.3? 
-10,12 

-10.73 
-11.23 
-12.34 
-13.68 
-14.63 
-16.16 
-17.?6 
-19.06 
-22.32 
-26.59 
-30.99 
-35.72 

-41.10 
-47.20 

-66.75 
-68.55 

-76.70 



8.61 
8.83 
9.35 
10.12 
10.73 
11.23 

13!^^ 
14.60 
16.12 

17.51 
19.00 
22.22 
26.45 
30.78 

35.45 
40.76 
46.77 

12 

60,14 
67.82 
75.86 



- 8.61 

- 8.83 

- 9.35 
-10.12 

-10.73 
-11.23 

-12.35 
-13.70 
-14.66 
-16 .20 
-17.61 
-19.12 
-22 .42 

-26.73 
-31.26 

-35.99 
-41.44 
-47.63 
-54.16 
-61.36 
-69 .28 
-77.54 



45' 



1 

.998 
.994 
.988 
.934 
.980 
.972 
.964 
.958 
.949 
.942 
•936 
.926 

.913 
^904 

.897 

.890 

.883 . 

.885 

.876 

.872 

.869 



TabZ'S 3b - Uedloa fiber Streseee u.t Oorasr o£ Sneax Vob, r - 1/4 



Qa_ 
Eh3 



a- a' 
Bh2 



-C" a* 
...XT 

Eh2 



Bh2 



Bh^ 



Effective 
width 
Ratio 



8.61 

8.73 
9.10 
9.61 
10.21 
10.86 
11.55 
12.27 
13.02 
13.81 
14.64 
16,40 
18.33 
20.45 

22.77 
25.31 
31.03 

14.25 
$1.42 
45.36 



- .01 


- .04 


- .06 


- .18 


- .13 


: :l 


- .23 




- .90 




- 1.21 


" '.59 


- 1.56 


- .74 


- 1.93 


- .90 


- 2.34 

- 2.79 


-1.08 


-1.48 


- 3.76 


-1.93 


- 4.90 


-2.45 


- 6.17 


-3.04 


- 7.60 


-3.70 


- 9.18 


-5.22 


-12.82 


-6.09 


-14.88 


-3.04 


-19.50 


-9.13 


-22 .06 



- 8.61 

- 8.74 

- 9.16 

- 9.75 
-10.44 
-11.20 
-12.03 
-12.91 
-13.84 
-14.82 

-15.86 
-18.11 
-20.60 
-25.35 
-26.39 
-29.73 
-37.29 
-41.56 
-51.07 
-56.32 



- 8.61 

- 8.77 

- 9.28 
-10.00 

-10.86 
-11.83 
-12.88 
-13.97 
-15.20 
-16.47 
-17.82 
-20.77 
-24.07 
-27.74 
-31.81 
-36.30 
-46.51 
-52.28 
-64.62 
-72.29 



+ 8.61 
+ 8.71 
+ 9.04 
+ 9.49 
+10.01 

+10.59 

+11.20 
+11.86 
+12.51 
+13-21 
+13.95 
+15.52 
+17.23 
+19 .11 
+21.17 

+23.41 
+28.46 
+31.31 
+38.06 

+41.09 



450 

44» 57' 
440 491 

440 39' 
440 28' 
44«> 17' 
44'» 6* 
43° 55' 
430 46' 
430 36' 
430 271 

430 14' 
42° 56' 
42° 43 « 
42" 32' 
42° 22' 
42° 5' 
41° 59' 
410 471 

41° 43 
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Jri^;ar8 2.- Principal median fiber stfeeses aad direction of maximum prin- 
cipal stress at ce&ter of shear "bay. fiatio of strut area to 
Bat'cst araa r - l/i, oo. 
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figure 3,- jfriacipaJ. strsaseB and direction of laaxiiniiia priivclpeJ. streae at 
corner of .snear tay. flatlo of Btr»At j-jrea to sheet area r=l/-i, c». 



J" 

3 






1 , 




t 


1 

■ 


r — . 
1 






— 1 














— ■ — ' — 


4 




CD 

r 






3 
















■ 








7 
























) ■ — 










* 














5 ■■■ ■ 

t 
























i — — . — 








































































0 2 


0 40 60 8 


9 100 120 14 


to a 


£0 180 200 220 3^ 



to 

cn 
M 



- g2 

Y shear d^osmatlon ratio 



Figora 4.- Effective width of sheet in ahear. fiatio of strut axaa to ahoot area r = 1/4, co. 
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Pigure 5.- Moment distributiou in bottom^f laags Cy = 0), 

Curve A, r„= cx), Q = 47.22 Wo.^/ n. Curve B, 
r = 1/4, Q 45.37 
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figure S.- Jorco distribution in struts at x = 0, a. Ourva A, 

r = CO, 0 = 47.22 sSh^/e., Ourre B, r = l/t, a = 45.37 
FjL'^/a, r = ratio of strut cross-sectional area to sheet cross- 
sectional area. 
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figure 7,^ Tariation of ma:s:inium con^jressive force in strat ^y=a/2 

with load, fiatio of strut ar^a to sheot area 
r = 1/4, CO. 




figure 8.- Shear def onoatioii. of teaju for ratio of strut area to wela 
area t = 1/4:, co. 
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Jigore 9.- Congwtrison of juaiinrum median fiber stresaos* 0", r = ratio of strut cross-'Sectioaal area 
to sheet croBB-aoctlonal area; curve A, conter of plate, preaont paper; curvo B, comer 
of plate, presout papor; curve C, all points in plate, references 11 and 12; curvo D, all points in 
plate, reference 13. 
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figure 10,- CoiojpariBon of compressive force P in strut, r- = ratio of strut crosS'-Bectioual 
area to sheet cross-Bectional area; curve Ai midpoint of strut, presont paper; 
curve Gt anyvhere in strut, roferonccs 11 and 12*, curve D, anywhere in strut, roferonco 13. 
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Figure 11.- Comparison of shear defomation -Y, r = ratio of strut cross-sectional area 

to aHeet crosB-sectional area; curve A» present pe^er; cvirve C, references 
11 and 12; corre S, reference 13. 



